ABSTRACT
of the energy and a generalization of potential enstrophy that includes contributions from 23 the surface buoyancy fields. This approach yields a family of orthonomal bases that depend 24 on two parameters: the standard baroclinic modes are recovered in a limiting case, while 25 other choices provide modes that represent surface and interior dynamics in an efficient way.
26
For constant stratification, these modes consist of symmetric and antisymmetric expo-27 nential modes that capture the surface dynamics, and a series of oscillating modes that 28 represent the interior dynamics. Motivated by the ocean, where shears are concentrated 29 near the upper surface, we also consider the special case of a quiescent lower surface. In this 30 case, the interior modes are independent of wavenumber, and there is a single exponential 31 surface mode that replaces the barotropic mode. We demonstrate the use and effectiveness 32 of these modes by projecting the energy in a set of simulations of baroclinic turbulence.
Introduction (PV)
the streamfunction may be decomposed into interior and surface parts, ψ = ψ int + ψ 
102
In this paper, we take a different approach and propose a new modal basis (or rather The complex amplitudes of the quasigeostrophic potential vorticity (PV) q = q kl (z), surface buoyancies (SBs) b ± kl and streamfunction ψ = ψ kl (z) are then related by
where κ = (k 2 + l 2 ) 1/2 is the wavenumber magnitude, a prime indicates a z derivative, f 126 is the Coriolis frequency and N = N (z) is the buoyancy frequency. We include the non- onward, except where confusion may occur.
131
The quasigeostrophic equation set has four quadratic invariants: energy, potential enstrophy, and the buoyancy variance at each surface. At each wavenumber κ, these are
Summing each quantity over (k, l) gives the total invariant.
132
We seek to define a complete basis that diagonalizes the energy. is a 'generalized potential enstrophy' that combines the remaining invariants into a single quantity,
where α ± > 0 are (nondimensional) undetermined weights, the choice of which will be 149 discussed later. This approach yields a unique basis for fixed α ± .
150
To proceed, we require four objects: a vector structure that combines the SBs and
151
interior PV, an inner product that operates on this vector, and two operators (analogous to 152 the matrices A and B above) that give the energy and generalized potential enstrophy in 153 terms of the inner product. These are defined as follows:
154
Vector. We define the 'generalized potential vorticity vector'
Inner product. The specific choice of inner product is unimportant for the final results;
156
we make what appears to be the simplest choice, namely
where the overbar denotes a complex conjugate.
158
Operators. With the definitions (5) and (6), it is a simple matter to find the linear operators
159
E and P such that
1 Notice that our Q bears a resemblance to the generalized potential vorticity of Bretherton (1966), which in our notation is written
Our notation makes it plain that the PV and SBs are independent, a point that the use of Q B might obscure.
where the streamfunction ψ is the solution of (3), given q and b ± . The first of these 162 expressions is obtained after an integration by parts; the second is immediate. These 163 two operators are positive definite and self-adjoint (see Appendix 5 for details).
164
The basis we seek is now given by the eigenfunctions ξ n of the generalized eigenvalue
where the eigenvalues µ 2 n are positive for all n. To obtain an explicit form for (9), we 167 define the components of
T analogous to those of Q, and the scalar
In terms of these, the 169 eigenvalue problem reads
In view of (3), this implies that the φ n satisfy
This eigenvalue problem is a key result of the paper. Its eigenfunctions φ n , which are purely 172 real, give the form of the streamfunction corresponding to the basis eigenvectors ξ n . The 173 three components of these eigenvectors may be derived from the φ n using (10), although, as
174
shown below, this is not necessary to project data onto the modes ξ n .
175
By construction, the eigenfunctions are orthogonal for the products ·, E· and ·, P· .
176
The choice of normalization for the eigenvectors ξ n is inessential, but it is convenient to fix 177 the energy of each mode to be unity, that is, to take
The expression in terms of φ m and φ n is found by using (10) and (11) to eliminate ξ m , ξ n and 179 the eigenvalues, then integrating by parts, which removes boundary terms. Correspondingly,
and
The latter relation (14) has the advantage of involving only the undifferentiated streamfunc-183 tions, while the first relation (12) is independent of the eigenvalues and α ± .
184
The basis of eigenfunctions can be used to expand data: given Q or ψ, we can write
where the a n are amplitude coefficients that can be found using one of the orthogonality 186 relations (12) or (13); for instance
The energy and generalized potential enstrophy are then simply
respectively.
189
Note that, even though the eigenvalue problem (11) 
and we have defined an alternative eigenvalue λ n such that
Written in terms of λ n , the eigenvalue equation takes the form of the standard vertical mode however, for which µ 2 n = O(α) and hence λ ∼ iκ. These solve
and can be recognized as surface modes, with zero interior PV.
234
2 This approximation is not uniform in n but breaks down for highly oscillatory modes, with λ n = O(α), which satisfy φ = O(α) = 0 at z = 0, −1 and thus differ from the standard high-n baroclinic modes.
a. Analytical solutions for constant N 235
In the special case of constant stratification, or s = 1, the eigenvalue problem (17) can 236 be solved in closed form. Writing the solutions as
where A and B are integration constants, and imposing the boundary conditions leads to 238 an algebraic equation for λ n , which may be either real or imaginary. For λ 2 n > 0, the
For λ 2 < 0 we defineλ = iλ and obtain
Equations (20) and (21) are suitable for a graphical analysis. Whenκ < 1 there is only one solution to (21), and there is a solution of (20) with λ < π/2.
247
On the other hand, ifκ > 1, there are two solutions to (21) (note that the maximum of the 248 right-hand side of (21) is 1), and there may or may not be a solution of (20) for λ < π/2. α ≡ α + = α − , these solutions are plotted as functions ofκ in Fig. 2 : there are two solutions whenκ > 1, but only one otherwise. The limiting solutions discussed in the previous section 253 can be derived explicitly. In the limitκ 2 = κ 2 /(2α) 1, the single solution of (21) is given byλ ∼ κ 2/α, with eigenfunction φ ∝ 1, which can be interpreted as the barotropic mode.
255
Forκ 2 1, the two solutions can be identified as surface intensified modes, one symmetric 256 and the other antisymmetric about the center of the domain, explicitly given by
with eigenvalues µ 0 /α = κ tanh κ and µ 1 /α = κ coth κ. For κ 1, the eigenvalues are nearly 258 identical, so that linear combinations of the eigenfunctions will also satisfy the eigenvalue 259 problem -in particular, one can construct separate upper-surface and lower-surface modes.
260
For real λ, the right-hand side of (20) tends to zero for both large and small κ, leading to 261 eigenvalues λ n = nπ, n = 1, 2 . . . The eigenfunctions, however, differ in the two cases: for 262κ 1, they have the standard form φ n ∝ cos(nπz), but forκ 1, they are φ n ∝ sin(nπz).
263
The first four modes, for α = 1 and a range of κ are plotted in Fig. 3 .
264
b. An oceanic special case
265
Here we consider a case that is potentially the most relevant to the ocean, where shears near the surface may lead to surface-intensified modes, while the quiescent abyss may be more naturally represented by the standard boundary condition, φ = 0 at the bottom. The relevant limits for this case are α + 1 and α − → ∞, in which case the eigenvalue problem reduces to
to leading order in α + . The solutions φ n , n = 1, 2 . . . to (22a) describe interior modes, while 
268
Note that the structure of the interior modes, like that of the standard baroclinic modes, is 269 independent of κ; the normalization of the mode energy that we have chosen however leads to For constant N (or s = 1), the solutions to (22) may be computed explicitly; they are
with eigenvalues µ 2 0 = α + κ tanh κ (corresponding toλ κ − (α + /2) tanh κ) and λ n =
283
(n − 1/2)π with n = 1, 2 . . .. Their dimensional form was given by (2) in the introduction.
284
Again, note that the dependence on κ of the coefficient for the interior modes is due to the 285 normalization choice, but is irrelevant for the projection of data. 
294
We analyze results from three simulations. These first two are based on highly idealized 295 flows, and will be used to demonstrate the fundamental structure of the basis, and how generalized basis in the limit α ± 1, we chose α ± = 10 6 for the former and α ± = 10 −4 for 331 the latter. As is apparent, the generalized basis with the appropriate weights more efficiently 332 captures the surface energy in the Eady simulation much better than the standard basis.
333
To quantify the choice of α ± , we consider the projection of energy in both the BC1
334
and Eady simulations with the generalized basis using weights ranging from α ± = 10 −3 to with g = 0 at z = 0, −1, so that U is surface-intensified with U (0) = 1 and U (−1) = 0.
348
The constant C is set to ensure 1 and 2 to total energy shown in Fig. 5 suggests that the value α = α + = 2 is appropriate.
365
The first few modes of the corresponding basis are shown in the bottom panels of by Fig. 8 which shows Z κ allowing α + to depend on κ. We have not explored this intriguing possibility here.
399
As an alternative to the ratio Z κ /B ± κ , it would be useful to relate more directly the value 400 of the weights α ± most appropriate to project a flow on the large-scale characteristics of the 
409

Derivation details
Here we prove a few relevant facts about the eigenvectors and eigenvalues of (9). First, we show that the operator E is self-adjoint, e.g. ξ m , Eξ n = Eξ m , ξ n . Expanding the left-hand side and integrating by parts, we find
since the expression on the penultimate line is clearly symmetric. The self-adjointness of P
417
as well as the positive definiteness is obvious.
418
To establish the completeness of the basis of the eigenvector ξ n , we rewrite the eigenvalue is the background density, and ρ 0 is the average density. The parameter
, thus s j is offset by a half space from ρ j . In this discretization, the SBs and PV are 
Defining the operators
one sees that B plays the part of the inner product, e.g. ξ 1 , ξ 2 → ξ 
For consistency with the theoretical development in section 2, we may also write the energy 437 in terms of the vector Q = Aψ,
where the symmetry of F and B were used, and E ≡ FA −1 is defined to make the discrete 439 version of the energy operator defined in (8) perfectly clear.
440
Similarly, the generalized enstrophy in wavenumber κ is
where we define
to make clear the analogy with the generalized enstrophy operator defined in (8).
443
Now note that BE and BP are both symmetric (the former can be verified by checking 444 that FBA is symmetric), so we can simultaneously diagonalize the two quadratic forms E κ where X is the matrix with columns ξ j and M 2 has µ 2 j along is its diagonal and zeros elsewhere.
447
Solutions to this generalized eigenvalue problem obey the orthogonality relations
which are analogous to (12) and (13), respectively.
449
In practice, it is more convenient to define a streamfunction eigenfunction φ such that 450 Aφ = ξ, so that the generalized eigenvalue problem can be rewritten as
where Φ has φ j as its columns. In this case, the orthogonality relations become
where we've used the fact that F 2 = I. Finally, writing (B4) as Φ −1 (A −1 P −1 F)Φ = M 2 and 454 using the first relation in (B5), we have the equivalent of (14),
The expansion in the basis of eigenvectors φ n of discrete data is readily expressed in 456 terms of the matrix Φ. Denoting by ψ the column vector of the streamfunction data (Fourier 457 transformed in the horizontal) ψ(z j ), the expansion reads
where a = (a 1 , . . . , a J ) is the column vector of the mode amplitudes. These amplitudes are 459 obtained from the data using the relation
which is deduced from (B5) and (B7). The total energy at a given wavenumber κ,
where * denotes the complex (conjugate) transpose, is clearly the sum of the individual 462 contributions |a n | 2 /2 of each mode. Similarly, the generalized enstrophy,
is the sum of the contributions µ 2 n |a n | 2 /2. Top panels: spectra for selected vertical levels (see legend). Middle: spectra from fields projected onto standard vertical modes (modes 1, 2 and 3-10 are shown). Bottom: spectra from fields projected onto new modes, with α + = α − = 10 6 for the BC1 case, α + = α − = 10 −4 for the Eady case and α + = 2, α − = 10 6 for the Ocean case. 
